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Abstract
The fundamental fermion representations of causal spinor fields have
previously been demonstrated to describe free Dirac fermions, as well as in-
corporate only the observed degrees of freedom for local gauge invariance.
In this paper, the first non-trivial boson representations of causal spinors
will be presented. The general unitary mixing of degenerate bosonic spinors
will be developed, and then applied to electro-weak bosons satisfying ap-
propriate kinematic constraints. The resulting mass ratios are seen to be
consistent with reported measured values for these bosons.
1 Introduction
Fundamental formulations of quantum dynamics must incorporate conserva-
tion of momenta, positive-definite energies, and angular momenta, as well as the
maintenance of various internal quantum numbers through unitarity and pairwise
creations/annihilations, when appropriate. Furthermore, correspondence of quan-
tum interactions with classical formulations requires cluster decomposability, as
well as being able to establish causal relationships between interactions.
Causality allows for space-like correlations in quantum systems (including
‘spooky’ entanglements, etc.) without allowing space-like (faster-than-light) com-
munications for separations satisfying (xµ − yµ)ηµν(xν − yν) > 0, where two
events have coordinates ~x and ~y. At the microscopic level, this requires that
fermion/boson fields must anti-commute/commute outside of the light-cone, i.e.,
[ψˆ
(Γ)
γ (~x), ψˆ
(Γ)
γ (~y)]± = 0 for ~x−~y space-like. This requirement connects the quantum
statistics to the spin, such that (±) = −(−1)2J = −(−1)2Γ.
At their most primary level, causal spinor fields[1] necessarily involve two par-
ticle types that pair to satisfy microscopic causality, while transforming under
the usual translations, rotations, and Lorentz boosts of the Poincare’ group. The
fundamental representation spinors are 4-dimensional, satisfying the usual Dirac
algebra[2]. In addition to the generators of group transformations, there remain
∗e-mail address, jllindesay@howard.edu
exactly 12 additional hermitian generators of internal (non space-time) symme-
tries that include a U(1), an SU(2), and for massive fermions an SU(3) that has
been shown to require mixing 3 generations of mass eigenstates[3]. The inter-
actions generated by local gauge bosons associated with these generators must
be incorporated into any geometric interaction via covariant curvilinear coordi-
nate transformations from the flat space-time translations of the group. Further-
more, the non-vanishing structure constants of the group directly constructs the
Minkowski metric within the group parameter space defining group invariants.
The spinor field equation requires the form Γˆµ Pˆµ to be a Lorentz scalar oper-
ation, satisfying
Γβ · ~
i
∂
∂xβ
ψˆ(Γ)γ (~x) = −γmc ψˆ(Γ)γ (~x), (1.1)
where m > 0, and Γβ are the finite dimensional matrix representations of the op-
erators Γˆβ. In (1.1), the particle mass squared m2 are eigenvalues of the Casimir
operator which labels the unitary representations of the (extended) Poincare group
algebra. For massive particles, the label γ is the particular eigenvalue of the her-
mitian matrix Γ0, and for the Γ = 1
2
(fermion) representation, the Dirac matrices
are twice Γβ. In this paper, the Γ = 1 boson representation will be explored. In
particular, since this 10-dimensioonal representation inherently combines scalars
with vectors, special attention will be given to an examination of electro-weak
gauge bosons. In what follows, natural units with ~ = 1, c = 1 will be utilized.
2 Bosonic Spinors
2.1 General form of Γ = 1 causal spinors
The ten-dimensional representations of the Γβ matrices are presented in the
appendix (A.1). In what follows, motions will be confined to the z-axis, since
eigenspinors with general momenta can be obtained through a simple rotation.
The eigenspinors satisfy
ΓβpβΨ
(1)
γ (~p, J, sz) = −γmΨ(1)γ (~p, J, sz), (2.2)
where γ and J are integers no greater than Γ = 1. Microscopic causality requires[4][5]
that the space-time dependent boson fields combine a spinor labeled by γ with
one labeled by −γ, (i.e., an appropriate combining of particle with anti-particle).
Relevant hermitian normalized eigenspinors for z-moving systems are presented
in Equations (A.4) and (A.5) in the appendix.
The ten standard state (~p→ {m, 0, 0, 0} at rest) spinors include a scalar with
J = 0, γ = 0, as well as vector triplets with J = 1, sz = +1, 0,−1 for each possible
value of γ = +1, 0,−1. It is worth mentioning that this also corresponds with
the number of charged and neutral weak bosons, including the Higgs. In the next
section, the unitary mixing of the spinors will be examined.
2.2 Unitary mixing of spinors
A noteworthy property of (1.1) that is not true of the Dirac representation is
that fields with γ = 0 are all degenerate regardless of mass, including massless
fields. This implies that unitary mixing of degenerate fields can result in new
fields with differing masses that continue to satisfy the field equation. Further-
more, for massless particles m → 0, fields given by Aˆ(Γ)µγ (~x) ≡ Γµψˆ(Γ)γ (~x) define
contravariant field components that inherently satisfy the Lorentz gauge condition
∂
∂xµ
Aˆ
(Γ)µ
γ (~x) = 0.
It is thus of interest to examine the mixing of Γ = 1 vector (J=1) and scalar
(J=0) bosons, especially in relation to the mixing of electro-weak bosons. No
mixing that preserves normalization between spinors of differing masses with γ 6= 0
can be found. However, orthogonal mixing of the degenerate γ = 0 spinors in (A.4)
can be developed. Using the identifications mB → iQB, with
pB → ∓ QB
mW
√
m2W + p
2
W ,
√
m2B + p
2
B → ±
QB
mW
pW , (2.3)
a time-like W0 and orthogonal space-like B0 are described. In this expression, the
± sign corresponds with the sign of pW . Thus, the four γ = 0 degenerate W0 and
B0 spinors can mix to generate new spinor forms Z and A according to
cos φWB Ψ
(1)
0 (~pW , J, sz) + sinφWB Ψ
(1)
0 (~pB, J, sz) = Ψ
(1)
0 (~pZ , J, sz),
− sinφWB Ψ(1)0 (~pW , J, sz) + cosφWB Ψ(1)0 (~pB, J, sz) = Ψ(1)0 (~pA, J, sz),
(2.4)
where for z-moving systems, the parameter sz labels the helicity of the particle.
In this development, it is sufficient to examine only z-moving momenta p, since
general motions can be defined by a simple rotation into the direction of motion.
It is convenient to define the dimensionless parameter ζm as follows:
ζm ≡ sin−1
(
pm√
m2 + 2p2m
)
, pm = m
sin ζm√
cos(2ζm)
. (2.5)
Using this definition, a typical γ = 0 normalized spinor demonstrated in appendix
Eq. (A.4) takes the form
Ψ
(1)
0 (~pm, 1, 1) =


0
sin ζm√
2
0
0
cos ζm
0
0
sin ζm√
2
0
0


. (2.6)
For massive particles, −pi
4
< ζm <
pi
4
, while massless particles have ζ0 = ±pi4 , and
space-like 4-momenta satisfy pi
4
< |ζiQ| < pi2 . Expressed using this parameteriza-
tion, the mixing satisfies
sin φWB = sin(ζW − ζZ), (2.7)
where ζW is defined using the superposition of the γ = 0 spinors in (2.4). There
are alternative expressions of this mixing angle in terms of ζB and ζA (with
|ζW − ζB| = pi
2
for orthogonality), but the above form is most convenient for the
kinematic identifications to be discussed in what follows.
Under (active) Lorentz boosts γLT ≡ 1√
1−β2
LT
, the parameters ζm transform
according to
ζm
=⇒
βLT
ζ˜m = sin
−1
(
sin ζm + βLT cos ζm√
1 + 2βLT sin(2ζm) + β2LT
)
. (2.8)
Since this expression is completely independent of massm, this means that any two
different masses mA 6= mB with equal ζ values ζA = ζB are necessarily co-moving,
but displaying differing momenta. In particular, the Lorentz transformation that
boosts a mass with finite ζm to rest is given by β
rest
LT = − tan ζm.
GeneralW0−B0 spinor mixing kinematics can be expressed in terms of Lorentz
invariants by defining (P µW + P
µ
B) ηµν (P
µ
W + P
µ
B) ≡ −M2 using
ζWMQB = sin
−1


√
−2mWQB +
√
M4 + 2M2(Q2B −m2W ) + (Q2B +m2W )2√
2 ((M2 −m2W )2 + 2(M2 +m2W )Q2B +Q4B)
1
4


(2.9)
This defines the spinor mixing in (2.4) completely in terms of the invariant overall
rest energy M and the masses mW and mB = iQB .
3 W0 +B0 Mixing into Electro-Weak Bosons
Physical W , Z, and H bosons undergo processes that obey kinematic con-
servation conditions. The strategy will be to examine combinations of various
parameters of mixing associated with a co-moving H , since co-moving spinors
have identical components, independent of mass.
3.1 W +H elastic scattering
As previously mentioned, meaningful relationships amongst the mixing param-
eters are expected to imply on-shell conservation satisfying pµ1i + p
µ
2i = p
µ
1f + p
µ
2f .
Consider the scattering W + H → W + H . In the center-of-momentum frame,
pH = −pW . This can be expressed using (2.5) as a relationship between ζH and
ζW given by
ζH(ζW ) = − sin−1
(
mW sin ζW√
m2H cos(2ζW ) + 2m
2
W sin
2 ζW
)
. (3.10)
Appropriate forms for ζW and ζZ in (2.7) should be ascertained.
A particular W0 − B0 orthogonal mixing, having overall invariant mass M =
mZ with mB → iQB = imH , involves all electro-weak mass parameters, and can
be constructed from (2.9), resulting in the form
ζWmZmH = sin
−1


√
−2mHmW +
√
(m2H +m
2
W )
2 + 2(m2H −m2W )m2Z +m4Z√
2 [(m2H +m
2
W )
2 + 2(m2H −m2W )m2Z +m4Z ]
1
4

 .
(3.11)
Direct substitution of (3.11) into (3.10) results in the expression
ζH(ζW
mZ
mH
) =
− sin−1
(
1√
2
√
mW
(
−2mHmW+
√
(m2
H
+m2
W
)2+2(m2
H
−m2
W
)m2
Z
+m4
Z
)
2m3
H
+mW
(
−2mHmW+
√
(m2
H
+m2
W
)2+2(m2
H
−m2
W
)m2
Z
+m4
Z
)
)
. (3.12)
For this particular value of ζH , the momenta indeed satisfy pH(ζH) = −pW (ζWmZmH ),
providing kinematically consistent values of opposing momenta with energy con-
servation for elastic scattering of H +H , W +W , and W +H .
Finally, the mixing angle in (2.7) must be determined. The values for ζW
and ζZ will be chosen so that the mixing parameters are co-moving with the H ’s
according to ζW = −ζH(ζWmZmH ) = −ζZ , as demonstrated in Figure 1.
H
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Figure 1: W0−B0 mixings ζWmZmH (into invariant mass mZ) that are kinematically
consistent for H elastic scattering with the W , satisfying |PW | = |PH |. Momenta
are represented using solid arrows. The H ’s simultaneously co-move with the
mixing according to ζW=−ζH = −ζZ , as represented by the dashed arrows.
The resulting mixing angle satisfies
cosφ
(WH)
WB ⇒
2m3H
2m3H − 2mHm2W +mW
√
(m2H +m
2
W )
2 + 2(m2H −m2W )m2Z +m4Z
=
2µ3HZ
2µ3HZ − 2µHZ µ2WZ + µWZ
√
µ4HZ + (1− µ2WZ)2 + 2µ2HZ(1 + µ2WZ)
, (3.13)
where the mass ratios are defined by µWZ ≡ mWmZ and µHZ ≡
mH
mZ
. Substitution
of recent values of the electro-weak boson masses from the Particle Data Group
(PDG)[6] gives a mixing angle satisfying cosφWB ≃ 0.8814644, with deviation
from the quoted values of ∆cos φWB
µWZ
≃ −4.7 × 10−6, well within the experimental
uncertainty.
3.2 W+W−, ZZ, HH scattering re-arrangements
Next, consider scatterings involving boson pairs Z + Z¯, W + W¯ , and H + H¯ .
For a given H momentum pH , the kinematics constrains pZ , defining ζZ(ζH) given
by
ζZ(ζH) = sin
−1
(
1√
2
√
m2H + (m
2
H − 2m2Z) cos(2ζH)
m2H + (m
2
H −m2Z) cos(2ζH)
)
. (3.14)
Thus, kinematic systems co-moving with the H ’s will be used to specify the pa-
rameter ζZ in (2.7).
As was done in the previous section, the kinematic system should be chosen to
mix parameters involving W , Z, and H in a meaningful manner such that energy-
momentum is conserved. Consider the momentum pW ∗ for W + W¯ scattering in
the rest frame of the H ’s (with energies ǫW ∗ = mH). This defines ζW ∗ using an
equation analogous to (3.14) given by
ζW ∗ = sin
−1
(
1√
2
√
2m2H − 2m2W
2m2H −m2W
)
, (3.15)
as demonstrated in Figure 2. Next, consider a system involving Z+ Z¯ and H+H¯.
z
W
*
HH
W
+*
W
-*HH
W
+*
W
-*
Figure 2: Kinematic diagram for WW¯ creation/annihilation in H ’s rest frame.
If the H in this system co-moves with an aforementioned W ∗, i.e. ζH = ζW ∗, then
substituting (3.15) into (3.14) results in the expression
ζZ(ζH(ζW ∗)) = sin
−1
√
1− m
4
H
2m4H −m2Wm2Z
. (3.16)
This relationship indeed satisfies the kinematic requirement ǫZ = ǫH → m
2
H
mW
in the
center-of-momentum system. These parameters are demonstrated in Figure 3.
ZZ
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Figure 3: Kinematic diagrams involving Z, Z¯,H , and H¯. The on-shell H is
co-moving with a kinematically-consistent W (ζH = ζW ∗), which coincides with
energy-momentum conservation ǫH = ǫZ in the center-of-momentum system.
Finally, an appropriate parameter ζWMQB for theW0+B0 will be identified with
ζW in (2.7). Since all of the kinematically-consistent mixing of the bosons have
been incorporated in ζZ , the mixing in (2.9) should involve orthogonal W mixing
into W , with M = mW , QB = mW . This gives the only (finite mass) mixing that
results in a mass-independent pure number:
ζWmWmW = sin
−1
(√
1
2
− 1√
5
)
. (3.17)
Furthermore, this is the only mixing form ζWMQB (constructed from available mass
parameters) indirectly generated using the forms (2.5) for ζW and ζZ (substituted
into (2.7)) with ǫZ = ǫH =
m2
H
mW
(and consistent momenta), that directly results in
a value for cosφWB consistent with
mW
mZ
. Using (3.16) and (3.17) to calculate the
mixing angle in (2.7) gives the result
cosφWB =⇒
ZZ¯→HH¯
√
50 + 20
√
5m2H +
√
50− 20√5
√
m4H −m2Wm2Z
10
√
2m4H −m2Wm2Z
=
√
5 + 2
√
5µ2HZ +
√
5− 2√5√µ4HZ − µ2WZ√
20µ4HZ − 10µ2WZ
. (3.18)
In this case, substitution of mass values from the PDG[6] results in a mixing angle
of cosφWB ≃ 0.8814718, with deviation from the quoted values of ∆cosφWBµWZ ≃
3.7× 10−6, also well within the experimental uncertainty.
3.3 Calculation of the mixing angle and mass ratios
As can be seen from the form of the equations (3.13) and (3.18), the mixing
angle and mass ratios are completely independent of the overall mass scale. The
H-Z mass ratio can be expressed in the closed form
µHZ =
1√
2

µ2WZ
[
2−√5 + 2(−5 +√5)µ2WZ + 10µ4WZ + µWZ
√
5− 5µ2WZ
]
1− 5µ2WZ + 5µ4WZ


1
4
=⇒
cosφWB→mWmZ
√
cos φWB
[
1
2
(
1 +
√
5
2 cos(2φWB)− sin(2φWB)
)] 1
4
. (3.19)
Although a closed form expression for µWZ has yet to be obtained, this pure
number is a direct prediction from consistency of (3.13) and (3.18). Choosing mZ
as the most precisely measured mass, the predicted mass values are given by
mW
mZ
= 0.8814666395389308...
mH
mZ
= 1.3719494526608669...
φWB = 0.4918374045660035...
mZ = 91.1876± 0.0021GeV
mW = 80.3788± 0.0019GeV
mH = 125.1048± 0.0029GeV.
(3.20)
These values fall well within the present uncertainties in measurements of the
mass ratios reported by the Particle Data Group[6]:
mW
mZ
= 0.88147± 0.00013,
θWZ = 0.491830∓ 0.000275,
mZ = 91.1876± 0.0021GeV,
mW = 80.379± 0.012GeV,
mH = 125.10± 0.14GeV.
(3.21)
Since only on-shell mass ratios are predicted, if the formulation is indeed physi-
cally meaningful, any deviations can only come from incorrect associations in the
kinematic processes presented. Other meaningful processes must necessarily be
redundant.
4 Discussion and Conclusions
Causal spinor fields have fundamental Γ = 1
2
fermion representations with the
correct number and types of gauge-field generated interactions, while requiring
any geometric interaction that is covariant under curvilinear coordinate trans-
formations must incorporate those interactions via the principle of equivalence.
Unitary mixing of degenerate Γ = 1, γ = 0 boson spinors consistent with on-shell
kinematics has been utilized to determine the mixing angle in terms of mass ratios.
This allows all boson masses to be determined by a single particle mass scale.
The formulation has been applied using the experimental masses of the electro-
weak bosons. By requiring a co-moving H spinor associated with each mixing, its
vector (J = 1) components can be associated with the identical spinor components
of the associated massive gauge boson. This leaves only the scalar (J = 0)
component to associate with the Higgs boson. The predicted mass ratios have
been shown to be consistent with measured values.
The formulation also suggests the possibility of a Ψ
(1)
0 (J = 0) electroweak
boson as a dark matter candidate. Promising expressions for the ”effective” mixing
angle and its energy-scale dependence, as well as additional relations amongst
particle couplings, are actively being explored as on-going research.
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Appendix
Matrix Representation of Γ = 1 Systems
The Γ = 1 representations of the various group generators consist of 10 × 10
matrices. These matrices satisfy the Lorentz algebra extended to include the rela-
tionships
[
Γ0 , Γk
]
= iKk, [Γ
0 , Jk] = 0, [Γ
0 , Kk] = −iΓk,
[
Γj , Γk
]
= −i ǫjkm Jm,
[Γj , Jk] = i ǫjkm Γ
m, [Γj , Kk] = −i δjk Γ0. Choosing the order of quantum num-
bers in the columns of the matrices as

 γJ
sz

→



 00
0

 ,

 11
1

 ,

 11
0

 ,

 11
−1

 ,

 01
1

 ,

 01
0

 ,

 01
−1

 ,

 −11
1

 ,

 −11
0

 ,

 −11
−1



:
Γ0 =


0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −1 0 0
0 0 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 0 0 −1


Γx = 1
2


0 −1 0 1 0 0 0 −1 0 1
1 0 0 0 0 1 0 0 0 0
0 0 0 0 1 0 1 0 0 0
−1 0 0 0 0 1 0 0 0 0
0 0 −1 0 0 0 0 0 1 0
0 −1 0 −1 0 0 0 1 0 1
0 0 −1 0 0 0 0 0 1 0
1 0 0 0 0 −1 0 0 0 0
0 0 0 0 −1 0 −1 0 0 0
−1 0 0 0 0 −1 0 0 0 0


Γy = i
2


0 −1 0 −1 0 0 0 −1 0 −1
−1 0 0 0 0 −1 0 0 0 0
0 0 0 0 1 0 −1 0 0 0
−1 0 0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0 −1 0
0 −1 0 1 0 0 0 1 0 −1
0 0 −1 0 0 0 0 0 1 0
−1 0 0 0 0 1 0 0 0 0
0 0 0 0 −1 0 1 0 0 0
−1 0 0 0 0 −1 0 0 0 0


Γz = 1√
2


0 0 1 0 0 0 0 0 1 0
0 0 0 0 1 0 0 0 0 0
−1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −1 0 0 0
0 −1 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 −1
0 0 0 0 −1 0 0 0 0 0
−1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0


(A.1)
The representation transforms a scalar (J = 0, γ = 0) component, as well as
vector (J = 1) and “iso-vector” (γ = 1, 0,−1) components. For present purposes,
the 10-spinors will be Hermitian normalized (rather than “Dirac” normalized)
such that for states labeled by γ (the eigenvalue of Γ0),
Ψ
(1)†
γ′ (~p, J
′, s′z) Ψ
(1)
γ (~p, J, sz) = δγ′γ δJ ′J δs′zsz . (A.2)
The spinors satisfy the eigenvalue equation
ΓµPˆµΨ
(1)
γ (~p, J, sz) = −γmcΨ(1)γ (~p, J, sz), (A.3)
with m > 0 always. For pairwise kinematics, it is sufficient to consider only z-
moving particles, since general states can be developed via rotation of the z-axis.
The normalized degenerate (γ=0) eigenstates take the form
{Ψ(1)0 (~p, 0, 0),Ψ(1)0 (~p, 1, 1),Ψ(1)0 (~p, 1, 0),Ψ(1)0 (~p, 1,−1)} ⇒



√
m2+p2z√
m2+2p2z
0
−pz√
2
√
m2+2p2z
0
0
0
0
0
pz√
2
√
m2+2p2z
0


,


0
pz√
2
√
m2+2p2z
0
0√
m2+p2z√
m2+2p2z
0
0
pz√
2
√
m2+2p2z
0
0


,


0
0
0
0
0
1
0
0
0
0


,


0
0
0
−pz√
2
√
m2+2p2z
0
0√
m2+p2z√
m2+2p2z
0
0
−pz√
2
√
m2+2p2z




(A.4)
Degenerate eigenstates labeled with differing m all satisfy (A.3) with its right-
hand side set to zero, and thus they can freely mix. For completeness, spinors
{Ψ(1)1 (~p, 1, 1),Ψ(1)1 (~p, 1, 0),Ψ(1)−1(~p, 1, 0)} are displayed:



0
1
2
(
1 + m√
m2+p2z
)
0
0
pz√
2
√
m2+p2z
0
0
1
2
(
1− m√
m2+p2z
)
0
0


,


−pz√
2
√
m2+p2z
0
1
2
(
1 + m√
m2+p2z
)
0
0
0
0
0
−1
2
(
1− m√
m2+p2z
)
0


,


pz√
2
√
m2+p2z
0
−1
2
(
1− m√
m2+p2z
)
0
0
0
0
0
1
2
(
1 + m√
m2+p2z
)
0




.
(A.5)
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